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PAS History

Bell Labs Prize Final 2015 PSE-3 Infographic 2018
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This Tutorial

I For practical performance of PS, visit booth 2228 and check out the PSE-3.
I This talk: A foundation of PS design tools.
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Outline

I PS Achievable FEC Rates
I Case Study: O�line Calculation of PS Achievable FEC Rates
I PS Achievable Rates
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Part 1: PS Achievable FEC Rates
Code word detection in noise



PS Code Ensemble

I Linear code

C = {c ∈X n : cHT = 0}. (1)

I Transmit shaped code word x ∈ C with empirical distribution PX .
I Non-negative decoding metric

q(x,y), x ∈X ,y ∈ Y . (2)

I Decoding rule

ĉ= argmax
c : cHT=0

n

∏
j=1

q(cj ,yj). (3)

I Decoding error if c 6= x.

�estion: is there a rate R code that decodes xn correctly from yn?
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Literature

I Shannon, 1948 [4]: mutual information by typicality.
I Gallager, 1968 [5]: mutual information by error exponent.
I Kaplan & Shamai, 1993 [6]: generalized mutual information (GMI) by error

exponent.
I Ganti, Lapidoth, Telatar, 2000 [7]: LM-rate and GMI by threshold decoder.

PS ensemble is NOT treated

Research on PS achievable rates since 2014, my findings:
I G. Böcherer, “Achievable rates for probabilistic shaping,” arXiv preprint, 2017.

[Online]. Available: https://arxiv.org/abs/1707.01134
I Explains why I don’t use the GMI and its variations.
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PS Achievable FEC Rate

I Measurement xn,yn: For code rates < RFEC, there exist codes that can decode
xn from yn using metric q where

RFEC = log2 |X |−
1
n

n

∑
i=1

[
− log2

q(xi ,yi)

∑a∈X q(a,yi)

]
︸ ︷︷ ︸

uncertainty

I Memoryless channel pY |X :

RFEC = log2 |X |−E
[
− log2

q(X ,Y)

∑a∈X q(a,Y)

]
.
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PS Achievable FEC Rate

Powerful tool, can be directly instantiated for
I Optimal metric.
I Binary FEC: Achievable Binary Code (ABC) Rate.
I So�-decision (SD) metric.
I Hard-decision (HD) metric.
I . . .
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Example: Optimal Metric

I Optimal metric

q(x,y) = PX |Y (x|y).

I Uncertainty

H(X |Y).

I Achievable FEC Rate

RFEC = log2 |X |−H(X |Y).
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Example: ABC Rate

I m-bit constellation label b= b1 · · ·bm.
I Binary metric

q(b,y) =
m

∏
i=1

qi(bi ,y).

I ABC rate

Rabc = 1− 1
m

m

∑
i=1

E

[
− log2

qi(Bi ,Y)

∑b∈{0,1} qi(b,Y)

]
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Example: SD Decoding

I Bitwise demapper calculates

`i = log
PBi |Y (0|y)
PBi |Y (1|y)

.

log domain probability domain

qlog(b, `) = ∑
m
i=1(1−2bi)`i q(b, `) = ∏

m
i=1 e

s(1−2bi)`i

I Optimal for channel PB|Y , achieving

Rabc = 1− 1
m

m

∑
i=1

H(Bi |Y).
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Example: HD Decoding

I Demapper calculates

b̂i = ωi(y).

I Hamming metric

q(b, b̂i) = 1(b, b̂i) =

{
1, b= b̂i
0, otherwise

log domain probability domain

qlog(b, b̂) = ∑
m
i=11(bi , b̂i) q(b, b̂) = ∏

m
i=1 e

s1(bi ,b̂i)

I Achieves

Rabc = 1−H2(ε)

where ε is the preFEC-BER.
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Part 2: Case Study
O�line Calculation of Achievable FEC Rates from Measurements



16-QAM Experiment

DM
FEC

encoder
Bit-Mapper

Channel

inverse DM
FEC

decoder

Bit-
Demapper

symbols xn/m

symbols yn/m

I Gray labelled 16-QAM constellation⇒m= 4.
I n/m= 64800/4 = 16200 quadrature amplitude modulation (QAM) symbols

xn/m.
I Noisy measurement yn/m.
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Bitwise Demapping

DM
FEC

encoder
Bit-Mapper

Channel

inverse DM
FEC

decoder

Bit-
Demapper

bits bn symbols xn/m

symbols yn/msoft-
decisions `n

I Define o�line a label {0,1}→X on the input alphabet X .
I Represent the n/m input symbols xn/m by n bits bn according to the label.
I Demapper assumes Gaussian noise.
I For each bit bji , the demapper outputs

`ji = log
PBi |Y (0|yj)
PBi |Y (1|yj)

. (4)
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ABC Rate

I For channel measurement b1, . . . ,bn/m, `1, . . . , `n/m, ABC rate is

Rabc = 1− 1
n
m

n/m

∑
j=1

1
m

m

∑
i=1

− log2
e(1−2bji)

`ji
2

e−
`ji
2 + e

`ji
2

 (5)

= 0.6156bit. (6)

⇒ For code rates < 0.6156bit, there exist FEC codes that can recover bn from `n.
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O�line Evaluation of FEC Codes

b̂n

DM
FEC

encoder
Bit-Mapper

Channel

inverse DM
FEC

decoder

Bit-
Demapper

bits bn symbols xn/m

symbols yn/msoft-
decisions `n

I Objective: Check if actual forward error correction (FEC) decoders can
recover bn from `n so that b̂n = bn.
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O�line Evaluation of FEC Codes

I MATLAB implements the length n= 64800 DVB-S2 LDPC codes of rates

RFEC = 1/4, 1/3, 2/5, 1/2, 3/5, 2/3, 3/4, 4/5, 5/6, 8/9, 9/10 (7)

I Objective: use ABC rate to predict which of these FEC Rates are achievable
for our 16-QAM measurement bn, `n.

I We check this by passing `n to the respective decoders and check if for the
output we have b̂n = bn.

I Problem: we transmi�ed bn before choosing a code and bn may not be a code
word in any of the codes of interest.
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O�line Evaluation of FEC Codes

The following procedure solves the problem of bn not being a code word.
I Pick an arbitrary code word cn from a code of interest.
I Calculate the scrambling sequence sn = cn⊕bn.
I Calculate the modified demapper output ˜̀n with

˜̀i = (1−2si)`i . (8)

I Pass ˜̀n to the decoder and check if it decides for cn.
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O�line Evaluation of FEC Codes
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DVB-S2 LDPC code operating points
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Part 3: PS Achievable Rates
Mapping to shaped sequences



From Achievable FEC Rates to Achievable Rates

I Recall: Measurement xn,yn, achievable FEC Rate

Rac = log2 |X |−
n

∑
i=1

[
− log2

q(xi ,yi)

∑a∈X q(a,yi)

]
︸ ︷︷ ︸

uncertainty us

(9)

I Let S ⊆ C be the subset of code word achieving uncertainty ≤ us .
I Achievable rate is

R=

[
log2 |S |

n
−us

]+
. (10)

I Challenge 1: identify S and |S |.
I Challenge 2: encode into S .
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Example: Shaping for Coherent Transmission



Good 1D Input Distributions
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probabilistic amplitude shaping (PAS) [1]

bits
Amplitude

DM
ASK symbols

Q

/
Radm

/
γ

/
m− 1

amplitude bits

/
sign bit

Bit-Mapper

bits DM
FEC

encoder
Bit-Mapper

Channel

bits inverse DM
FEC

decoder

Bit-
Demapper

ASK symbols

I How many shaped code words can this architecture index?
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Intermezzo: Types [9]

I Let xn be a sequence with symbols in X .
I Let Pxn be the empirical distribution of xn, i.e.,

Pxn(a) =
number of occurences of a in xn

n
=

na
n
, a ∈X . (11)

I PX = Pxn is a distribution on X and is called an n-type.
I All permutations of xn also have the n-type PX .
I Let T n(PX ) be the set of all permutations of xn.
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1D PAS Achievable Rate

I Shaping set S = T w(PA)×{−1,1}w , where PA is an amplitude distribution.
I A constant composition distribution matcher (CCDM) [2] can index

2blog2 |T w (PA)|c sequences in T w(PA).
I There are 2w sign sequences in {−1,1}w .
I 1D PAS Achievable rate is

RPAS =

[blog2 |T w(PA)|c
w

+1−us

]+
(12)

I We have

|T w(PA)|=
(

w
w1,w2, . . . ,wM

)
(13)

where wi = w ·PA(ai) and where M is the number of distinct amplitudes.
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Asymptotic Rate on Memoryless Channel

I Suppose PB,pY |B assumed by the demapper are correct so that the
uncertainty is

us =
m

∑
i=1

H(Bi |Y). (14)

I Suppose further that the length w of the CCDM output is large so that

log2 |T w(PA)|
w

=H(PA).

I In this case, we have

RPAS =

[
H(PA)+1−

m

∑
i=1

H(Bi |Y)
]+

=

[
H(B)−

m

∑
i=1

H(Bi |Y)
]+

. (15)
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Discussion

I For memoryless channels, we can choose w large, e.g.,w = n/m and all
sequences in T w(PA) result in the same uncertainty us .

I In general not true for the optical fiber. We may therefore need to choose
w� n/m. This must be accounted for when calculating the achievable rate
and it may be smaller than

[
H(B)−∑

m
i=1H(Bi |Y)

]+.
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Conclusions

I We learned how to determine PS achievable FEC rates o�line from
measurements.

I We learned how to determine PS rates achievable by practical systems.
I Key tools are uncertainty, ABC rate, and counting sequences.

Details in
I G. Böcherer, “Achievable rates for probabilistic shaping,” arXiv preprint, 2017.

[Online]. Available: https://arxiv.org/abs/1707.01134
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Acronyms

FEC forward error correction

PAS probabilistic amplitude shaping

QAM quadrature amplitude modulation

LDPC low-density parity-check

CCDM constant composition distribution matcher
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